We consider techniques (based on an ultraviolet cutoff) used to prove that the pure boson (φ 4 ) 4 field theory is trivial and apply them instead to the dynamically generated quark-level linear sigma model. This cutoff approach leads to the conclusion that the latter field theory is in fact nontrivial.
I Introduction
Owing to the recent observational identification [1] of a nonstrange scalar σ meson below 1 GeV, formal field theories discarding such a scalar σ due to "triviality" theorems (meaning the meson-meson coupling λ → 0 when cutoff Λ → ∞) should be reanalyzed as well. In the present paper we show that the quark-level Linear Sigma Model (LσM) is a non-trivial field theory in contrast with the possibly trivial pure boson (λφ 4 ) 4 theory. Prior studies of λφ 4 field theory using perturbative and partially nonperturbative methods [2] [3] [4] extracted physical constraints on a scalar meson mass via renormalization group bounds and scaling laws [2] . In a somewhat different manner, there are studies of the triviality problem of (λφ 4 ) 4 theory exploiting a new nonperturbative expansion of the n-point Green's functions [5, 6] .
Alternatively, one can look at λφ 4 theory also including fundamental fermions -the LσM. The key to understanding nontriviality of the quarklevel LσM is the Goldberger-Treiman Relation (GTR) which must hold at quark level m q = f π g to ensure conservation of the axial vector current. It turns out that the bosonic sector of the LσM theory is totally driven by the dynamically generated quark mass via the quark-level GTR demanding even fixed and also non-trivial numerical values for the chiral couplings independent of any UV cutoff [7] . Thus the presence of the fundamental LσM fermion fields eliminates the possibility for the chiral couplings to vanish and induces a non-trivial field theory.
In Sec.II we summarize recent results for the dynamically generated quarklevel LσM. Then in Sec.III we review both perturbative and nonperturbative techniques for solving the problem of triviality for the pure boson (λφ 4 ) 4 theory. Finally, in Sec.IV we demonstrate nontriviality of the quark-level LσM.
Our results are summarized in Sec.V. In the appendix we review regularization schemes for the quark-level LσM.
II Dynamically generated quark-level LσM
It has been shown recently [7] that the interacting part of the dynamically generated SU(2) quark-level LσM lagrangian shifted around the true vacuum, with expectation values < π >=< σ >= 0 is given by:
with the Gell-Mann-Lévy chiral couplings [8] :
and with m π = 0. Here, the chiral-limiting pion decay constant f π ≈ 90 MeV is generated through a logarithmically divergent quark loop ( fig.1 ). Using
Feynman rules for fig.1 and the quark-level Goldberger-Treiman Relation (GTR) f π g = m q , one is led to the following logarithmically divergent gap
where N c is color number and d
A quark mass m q , however, is generated by the quadratically divergent tadpole diagram of fig.2 . Once the LσM is dynamically induced by figs. 1 and 2, such divergent graphs must be supplemented by σ (shifted field) and π mediating quark self-energies which sum to zero [7] . Moreover, the resulting LσM one-loop order bubble plus tadpole graphs representing m 2 π sum to zero (as they must by the Goldstone theorem). In addition, the Lee null tadpole condition [9] , summing the quark plus σ plus π tadpole graphs to zero should also hold in the LσM.
Taking into account dynamically generated meson interactions, one should verify that Lee's null tadpole condition holds for the shifted field σ. This means that the sum of the tadpole graphs of fig. 3 must vanish:
In the dimensional regularization approach these three tadpole quadratic divergences scale respectively like m 
Moreover, the chiral anomaly (or LσM) prediction of the π 
has been dynamically generated (in agreement with the Nambu-Jona-Lasinio four-fermion scheme [10] ). In fact in ref. [7] the NJL relation (6) in the context of the LσM was obtained using a dimensional regularization lemma linking the log-divergent integral in (3) with the quadratic-divergent integral in (4) independent of the cutoffs.
Reversing the argument, inputing the NJL relation (6) into Lee's null tadpole condition (5) requires N c = 3. This circumvents the sometimes-used large N c limit in the discussion of possible triviality of the quark-level LσM.
Even though the three LσM tadpoles of fig. 3 and eq. (4) sum to zero, the chiral renormalization of the massless Goldstone pion is manifested by these tadpoles in a different manner. Specifically, the sum of the quark bubble and quark tadpole graphs contributing to m π vanishes because g ′ = m 2 σ /2f π from eq. (2) regardless of the implied quadratic divergences in (4) . The LσM version of the Goldstone theorem is then m 2 π = 0 qk loops +0 π loops +0 σ loops = 0. As for the chiral couplings, the dimensionless meson-quark coupling constant g is determined to be for N c = 3 [7] 
which is compatible with the ratio m q /f π ≈ 320 MeV/90 MeV ≈ 3.6 arising from the GTR. Alternatively, making use of the experimental couplings g πN N ≈ 13.4 and g A ≈ 1.26 [1] , we may estimate g = g πN N /3g A ≈ 3.54, again in a good agreement with (7) . Furthermore, the study of the dynamically generated quartic meson-meson dimensionless coupling λ reveals an important link between λ and g:
The relation λ = 2g 2 follows from the log-divergent gap equation (3) which "shrinks" the quark-box graph for ππ scattering to the quartic λ-contact interaction in the LσM lagrangian [7] . Alternatively, the Gell-Mann-Levy
2 π , which reduces to λ = 2g 2 using (6) and the GTR. Converting this λ to the dimensionless number 8π 2 /3 in (8) follows directly from (7).
We stress that the nonzero numerical values of the meson-quark coupling g in (7) and the meson-meson coupling λ in (8) are obtained in a manner independent of the implied cutoffs in (3) and (4).
It is remarkable that in the dynamically generated quark-level LσM, the large meson-quark coupling g and larger meson-meson coupling λ are both completely driven by the fermion sector of the theory via the GTR, demanding for them fixed numerical values, (7) and (8) respectively. Also, LσM schemes derived from the chiral symmetry restoration temperature [11] find that λ ≃ 20 (near (8)) at zero temperature. It is important to stress that the "shrinkage" of quark loops to a point via eq. (3) is a Z = 0 compositeness condition [7, 12] . This Z = 0 condition merges the LσM field theory when the 
with µ 2 > 0 and λ > 0, corresponding to the spontaneously broken phase.
Also we consider the purely perturbative approach of refs. [2] [3] [4] . Dashen and Neuberger [2] employed a perturbative (leading log) result for ultraviolet
to obtain an upper bound on the true scalar meson mass m σ . Lüscher and Weisz in ref. [3] calculated the ultraviolet cutoff dependence Λ on the renormalized scalar mass and showed that the scaling laws are satisfied when
Next, Kimura et al. [4] reproduced the Dashen-Neuberger relation (10) using the perturbative renormalization group and also by invoking nonperturbative (but approximate) Wilsonian renormalization group methods. In both cases the bound in eq. (10) becomes a rough equality. Then combining eqs. (10) and (11), ref. [4] deduces that m σ ≤ 400 MeV. As proposed in refs [2] [3] [4] , such a scalar mass of order 400 MeV should be considered in an effective (λφ 4 ) 4 theory with dimensionless coupling λ (in our eq. (8)) of order ten.
To return to the question of the triviality limit λ → 0 as Λ → ∞, we now consider the non-perturbative δ-parameter expansion of Bender et al. in
refs. [5, 6] . Instead of a conventional perturbative treatment of the Greens functions, they propose an expansion in a power series of δ for a λ(φ 2 ) 1+δ field theory in d dimensions. The latter theory, as an extension of (9), is described by the lagrangian:
Here a fixed mass parameter M has been introduced to allow the interaction term to have the correct dimensions, i.e. to keep λ dimensionless for arbitrary δ in any space-time dimension. Obviously, in the limit when d → 4 and δ → 1, eq. (12) reduces to (9) and the parameter M cancels out. Then one can show [5] that the n-point Green's functions can be expanded as a perturbation series in powers of δ:
An advantage of this method is twofold. First, δ is the only parameter to be treated perturbatively and consequently the results obtained from the δ-expansion (13) are non-perturbative in the physical parameters of the theory (such as mass and coupling). Second, it was demonstrated [6] that when d ≥ 2, the coefficients of δ (k) in (13) are less divergent than the terms in the conventional weak-coupling expansion. However, the g (n) s in (13) still suffer from ultraviolet divergences and thus regularization and renormalization of the theory based on (12) and (13) are necessary.
To regularize the divergent expressions for the physical quantities (mass and coupling), a cut-off Λ is introduced in momentum space [6] . The notion of possible "triviality" of the (λφ 4 ) 4 field theory generated by the lagrangian (12) corresponds to a renormalized coupling λ R → 0 as the ultraviolet cutoff Λ → ∞, so that the theory becomes effectively free.
Bender and Jones in ref. [6] demonstrated that the triviality of the theory eq. (12) can only follow for d ≥ 4 dimensions, apart from the pathological case when the unperturbed (scalar) mass m (defined via
is greater than the cutoff Λ. Stated in a reverse manner, one can infer from the Bender-Jones analysis that for a nontrivial (λφ 4 ) 4 theory, the cutoff Λ is bounded by the unperturbed scalar mass as
The Bender-Jones result for the triviality bound of (λφ 4 ) 4 theory, namely m σ < Λ, is a more restrictive conclusion than eq. (11) in the sense that it imposes tighter limitations on the scalar mass that could possibly generate a non-trivial theory. However, we will show in what follows that it is the non-triviality (pathological) condition eq. (14) (rather than triviality bound m σ < Λ) which in fact holds for the dynamically generated quark-level LσM field theory of Sec. II.
IV Linear σ Model -a nontrivial theory
As we saw in Sec.II, the dynamically generated quark-level LσM has a special feature -the scalar mass and the chiral meson couplings are entirely governed by the quark sector of the theory. Moreover, the dynamically induced LσM is automatically "chirally renormalized" [7] due to the LσM Gell-Mann-Lévy chiral couplings (2) . Therefore, the concept of triviality in fact is a non-sequitur in the case of the quark-level LσM because the dynamically generated (renormalized) values for the chiral couplings are finite, fixed nonzero numbers much greater than unity:
independent of any UV cutoff. These couplings cannot vanish under any circumstances provided there are fundamental fermion fields in the theory generating the GTR and these nontrivial couplings (15) . Consequently, the quark-level LσM is not effectively free, but is instead a dynamically generated nontrivial nonperturbative field theory.
Nonetheless, one can consider splitting up the quark-level LσM lagrangian into "bosonic" and "fermionic" parts to study its "bosonic" piece alone To achieve consistency with a cutoff approach in the LσM, one needs to evaluate the corresponding divergent integrals with the ultraviolet cutoff introduced. We start with the logarithmically divergent gap equation (3) due to fig.1 . Evaluating (3) for N c = 3 with a cutoff Λ yields:
Recalling the numerical value of the quark-meson coupling g ≈ 3.6 (eq. (7)), one sees that eq. (16) Next, we consider the quadratically divergent mass gap equation corresponding to fig.2 with a cutoff Λ:
in the spirit of the quadratically divergent cutoff approach of NJL [10] . Cancelling out the constant quark mass m q and using the NJL or LσM relation m σ = 2m q , eq.(17) implies: Although we already know in the LσM that m σ = 2m q as obtained from either the dynamically generated theory [7] or from the Lee condition eqs. 
where x = Λ 2 /m 2 q is the (four-dimensional) dimensionless cutoff. Now invoking the meson-quark coupling (7), equations (19) reduce to
which recovers m σ = 2m q if
Then again using m q ≈ 326 MeV, the above cutoff of Λ 2 /m Therefore, even the "bosonic" piece of the dynamically generated LσM lagrangian generates a nontrivial field theory in the sense of the Bender-Jones condition (14) .
It is important to stress the relative inequality structure of eq. (14) and not the implied absolute numerical values in (14) of 415 MeV < 652 MeV.
Specifically, the quark loop calculation of m σ in (19) and (20) (14)) can never be numerically reached from eq. (20).
Rather than dealing with the above cutoff approach to triviality as applied to the (nontrivial) LσM, we may instead follow ref. [7] by starting with the chiral quark model (CQM) massless lagrangian
Then the LσM lagrangian in (1) 
The unique solution of (22) 
V Summary
Thus we must conclude that not only is the dynamically generated quarklevel LσM quantum field theory in approximate agreement with data, but also its pure bosonic λφ 4 part is nontrivial in the sense that the coupling λ → 0 as Λ → ∞, (indeed λ is the finite number in (8)). In the language of a cutoff theory, the Bender-Jones (pathological) condition [6] Λ < m σ appears to be valid for the quark-level LσM when computing m σ in the sense of ref. [6] , implying λ → 0. In fact, in a dynamically generated LσM, that is dimensionally regularized [7] with no reference to a cutoff, the bosonic coupling λ is 8π 2 /3, which is finite but certainly nonperturbative and nontrivial. Chiral symmetry, however, requires the s, t, and u channel σ poles to cancel off the dominant strength of the large λ ∼ 26 contact term, thus recovering the Weinberg ππ scattering behavior [15] .
In conclusion then, we suggest that the quark-level LσM driven by the 
Appendix: LσM Regularization Schemes
In order to convince the reader that the quark-level LσM is completely free of any (both logarithmic and quadratic) singularities, we review refs. [7] for dimensional and Pauli-Villars regularization schemes. For dimensional regularization in 2l dimensions one expresses the log-and quadratic-divergent integrals as:
Then in the four-dimensional limit (l → 2), the difference between these two divergent integrals is in fact finite: The fact that the difference between the quadratic and the logarithmic divergences is a finite number independent of any particular ultraviolet cutoff Λ, leads to the cutoff-independent results m σ = 2m q and g = 2π/ √ 3. The latter also implies that the quartic meson coupling λ (λ = 2g 2 ) has a finite non-zero value which is independent of the ultraviolet cutoff.
